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$f$ : $Marrow N$ $c\infty$ $c\infty$ , $x\in M$ $df_{x}$ : $TM_{x}arrow$
$TN_{f(x)}$ , , $f$ ,
. , $f$
rank $J_{f} \cdot(x)<\min$ ($\dim M$ , dim $N$)
. , $J_{f}(x)$ $f$ $x\in M$ . .
$f$ S( , $f$ . , $c\infty$
, ‘ ’
. ,
. ( ) \sim .
, $c\infty$ ( ) $f$ : $Marrow \mathbb{R}$
$AI$ , .
$c\infty$ $f$ : $Marrow:\backslash ^{r}$
“Thom ” ([51],[19]) . Thom , ,
(Stiefel-Whitney
$w_{\mathfrak{i}}$ . $c\cdot 0$-oricntarioll Pontrjagin $Pi$
Chern $c_{t}\cdot$ ) ,
. R. Thom “
?’ . , Thom
, Thom








, . Thom .




. , , ( 3.1
) ‘ ( $t^{\backslash }5$ ) .
, generic $C^{\infty}$ $f$ : $M-A\backslash$ ,
, $\prime 1^{1}1_{10111}$
( )
1540 2007 13-28 13
. , ,
$c\infty$ $f$ : $S^{3}arrow \mathbb{R}^{2}$ (
[39]). , Thom
, .
“Thom prima $y$ obstruction ”
,
. , 3 ,
. ,
. , secondary obstruction
, ( )
“secondary Thom Polynomial ,
.
, , J. Mather ‘Manifolds-Amsterdam 1970’
([28])
‘ $\pi_{n}(S^{p})(r\iota\geq p)$ $7$ ”
.
. , $C^{\infty}$
, ‘ ‘ $c\infty$
, $c\infty$
. , $\pi_{3}(S^{2})\cong \mathbb{Z}$ Hopf (Hopf fibration)
$C^{\infty}$ (submersion) . , fibration
non-singtar , . $S^{n}$ $S^{p}$
$(r\iota.p)$ . Mather
fibration ( , submersion) , 1) ,
. $\pi_{n}(S^{p})$
, Mather
, $Y^{-}$ . Eliashberg 2 ,
.













$1)_{G_{t)}1_{11}bit}$ sky-Guillcmin [17, Chapter III.\S $\cdot$1| submersion with folds
. p L. Calabi [8] , quasi-surjective mapping
, .
14
$\Lambda I$ , “ ” “
” . $f$ : $\Lambda Iarrow B$ $\Lambda 1$
, . , $B$
. , $\pi$ : $Earrow B$ , $h$ : $Marrow E$
$\pi\circ h=f$ , $h$ $f$ (lift) .
, $M$
. , $M$ $n$ , $M$ $n$
, $[AI, BO(n)]$ .
, $BO(n)$ . , $M$ $TM$ $\tau\in[M, BO(n)]$




, $\pi$ : $BO(n-1)arrow BO(n)$ $O(n-1)arrow O(r\iota)$ ,
$O(n)/O(n-1)\cong S^{n-1}$ ( , [56] ). $h$ .






$\lambda\tau\in H^{n}(\Lambda I:\pi_{n-1}(S^{n-1}))\cong H^{n}(\Lambda I:Z)\cong Z$
, $T\Lambda I$ . $\pi_{n-1}(S^{7-l})\underline{\simeq}\mathbb{Z}$ , $\mathcal{Z}$
$M$ $\mathbb{Z}$ , $M$ .
, $TM$ ,
$\chi(M)=(,\tau_{\tau:}[M|\rangle=0$
. , $foillC\dot{\epsilon}tl\cdot\acute{C}$-Hopf ([50]) , $[M]$ $M$
, $\langle$ , $\rangle$ .
, $k$ (




. , $\pi$ : $BO(n-k)arrow BO(n)$





, Dold-Whitnry , 4 $M$
, $M$ 3
:
$w_{2}\in H^{\prime z}(M;\mathbb{Z}_{2})$ , $p_{1}\in H^{4}(M;\mathbb{Z})$ , $\chi\in H^{1}(\Lambda I:\mathbb{Z})$ .
, $\chi$ , {$t’2$ Stiefel-Whitney , $p_{1}$ Pontrjagin
( [30, 50] ). $M$ 4 $p_{1}$
( , $\lambda$ $?$ )
, $w_{2}$ $\chi(M)$ .
“ ” . $n$ $M$ $\mathbb{R}^{n+k}$
, Smale-Hirsch ([1])
(2.1) $TM\oplus\nu\epsilon^{n+k}\underline{\simeq}$
$k$ $\nu$ , .
, ‘ $n$ $M$ $\mathbb{R}^{2n}$ ” Whitncy
([1, 50]). , $k=n$ (2.1) $M$
$\nu$ .
“ $M$ ( $\Lambda I$ ),
$7$ ‘’




$f\iota$ . , $\nu$ : $Marrow BO(n)$
, $\pi$ : $BO(k)arrow BO(n)$ Stiefel $V_{n-k}(\mathbb{R}^{n})$ .
, 4
. , 4
. , Whitney ([1, 50] ) 4 $\Lambda l^{4}$ ,
$f:h\prime I^{4}arrow \mathbb{R}^{7}$ . , 1 ,




(ii) $w_{1}^{2}\vee v=0\in H^{c\{}(M^{4}; \mathbb{Z}_{2})\cong \mathbb{Z}_{2}$ .
, $u_{1}^{2}=u_{1}\vee u\uparrow 1$ , $c-\cdot$ .
1. , $\mathbb{R}P^{1}\cross \mathbb{R}P^{2}$ $\mathbb{R}^{\Gamma}$ , $\mathbb{R}P^{4}$




$v\in H^{2}(M^{4}; \mathbb{Z})$ :
(i) $w_{2}\equiv v(mod 2)$
(ii) $p_{1}=-varrow v\in H^{4}(\Lambda I^{4} : \mathbb{Z})\cong \mathbb{Z}$
2. , $\mathbb{C}P^{2}\#\overline{\mathbb{C}P^{2}}$ $\mathbb{R}^{6}$ , $\mathbb{C}P^{2}\#\mathbb{C}P^{2}$
2) . , $\mathbb{C}P^{2}$ $\mathbb{R}^{6}$
. , $\mathbb{C}P^{2}\#\overline{\mathbb{C}P^{2}}$ $\mathbb{R}^{()}$ .
, . ,
. (i) $v$ .
Van der Blii ([29])
(2.2) $\sigma(M^{4})\equiv v\vee c$ $(mod 8)$
. , $\sigma(M^{4})$ $\Lambda 1^{4}$ . Hirzebruch $3\sigma(M^{4})=$
$\langle p_{1}, [\Lambda I^{4}]\rangle$ , (ii) (2.2)
$sigma(M^{4})\equiv-\sigma(M^{4})$ $(mod 8)$
, $\sigma(M^{4})\in 2\mathbb{Z}$ . , $\chi(M^{4})\equiv\sigma(\Lambda I^{4})(mod 2)$ ,
.
$\blacksquare$ 21. 4 $\Lambda\prime f^{4}$ $\mathbb{R}^{6}$
, Stiefel-Whitney $u_{4}\in H^{4}(M^{1}l; \mathbb{Z}_{2})$ .
2.2. , Atiyah-Singer . Lawson-Michelsohn [23.
Theorem 3.1] . [23] , $k$
Atiyah-Singer , .
2 , 2.1 .
, 21 \sim . $S^{\infty}(JI_{:}^{I}\mathbb{R}^{\Gamma}\rangle)$ $c\infty$
(stable maP) . Thom , $S^{\infty}(\Lambda f^{4}, \mathbb{R}^{6})$ $C^{\infty}(AI^{4}.\mathbb{R}^{6})$
([17, 20]). , $f$ ; $-lJ^{4}-\mathbb{R}^{6}$
. $S(f)=$ { $x\in\Lambda I^{4}$ ; rank $df_{x}<4$} $f$ . ,
$\Sigma^{i}\cdot(f)=$ {$x\in S(f)$ ; rank $df_{x}=i$ } $\Lambda 1^{1}$ $(4-i)(6-i)$
. , codim $\Sigma^{3}(f)=3$ . codim $\Sigma^{2}(f)=8>4$ , Thom
$\Sigma^{2}(f)=\emptyset$ ( [16, 20] ). , $6’(f)=\Sigma^{3}(f)$
$\Lambda I^{4}$ 1 . , Thom
$[S(f\cdot)]^{*}=\tau i’=|1_{1}+3\uparrow t_{31}^{\prime_{l}=v)\in H^{3}(M^{4}:\mathbb{Z}_{2})}3$
( $[S(f)]_{2}\in H_{1}(M^{4}; \mathbb{Z}_{2})$ , $*$ Poincaree .
Thom , Whitney ). Whitney
. , $RP^{4}$ $\mathbb{R}^{6}$
. $n_{1}^{3}(\mathbb{R}P^{4})\neq 0$ .
- , :1 $f^{4}$ Tllom . , 21
$\Lambda f^{4}$ ( , $\mathbb{C}P^{2}$ $-’\backslash I^{4}$ ),
. , $u_{4}\in H^{4}(M^{4}; \mathbb{Z}_{2})$ $f$ : $4I^{4}arrow \mathbb{R}^{t;}$
secondarv $ot\llcorner\backslash truction$ .
. $M^{n}$ $n$ ,
$f:t\ovalbox{\tt\small REJECT} I’’\neg \mathbb{R}^{2;/}1$ . $S^{\infty}(\Lambda I^{1}\cdot,\mathbb{R}^{2n-2})$ $C^{n}(\wedge I^{l}.\mathbb{R}^{2r\iota-2})$
$11_{\llcorner}$ , 4 .
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([17] ). $S(f)=$ { $x\in M^{4}$ ; rank $df_{x}<n$ } $f$
, $\Sigma^{i}(f)=$ {$x\in S(f)$ ; rank $df_{x}=i$ } $M^{n}$ $(n-i)(2n-2-i)$
,
codim $\Sigma^{n-1}(f)=n$. $-1$ . codim $\Sigma^{n-2}(f)=2n>n$
, $\Sigma^{n-2}(f)=\emptyset$ . , Thom
$[S(f)]_{2}^{*}=\overline{w}_{n-1}\in H^{n-1}(M^{n};\mathbb{Z}_{2})$
([52]). , $n$ , $M^{n}$ ,
$\overline{w}_{n-1}=0$ . , $M^{n}$ ,
$Sq^{1}$ : $H^{n-1}(M^{n};\mathbb{Z}_{2})arrow H^{n}(M^{n} ; \mathbb{Z}_{2})$
. $Sq^{1}$ Bockstein mod 2 ([47]
). , $i$ $Sq^{i}=Sq^{1}Sq^{i-1}$ , $M^{n}$
, $Sq^{\dot{*}}$ : $H^{n-i}(M_{:}^{\mathfrak{n}}\mathbb{Z}_{2})arrow H^{n}(M^{n};\mathbb{Z}_{2})$ $i$ . .
$\backslash Vu$ ([30] ) $\overline{v}_{2k-1}\in H^{2k-1}(M_{:}^{n}\cdot \mathbb{Z}_{2})$ . , Wu $n$
$\overline{w}_{n-1}=0$ . , $S(f)$ Thom .
, Mahowald [26] , $\gamma l>4$ $f$ : $\Lambda\cdot f^{n}arrow \mathbb{R}^{2n-2}$
$\vee\overline{u}_{n-2}=0$ . ( secondary
obstruction .) , 4
, $\overline{w}_{2}\vee\overline{w}_{2}=w_{2}arrow w_{2}=u_{4}|$ 21 ,
:i) :
$\blacksquare$ 2.3. $M^{n}$ $n$ . , $n\geq 4$
. , $l\overline{1}$)$2^{\cup?\overline{A}1}n.-2\neq 0$ $f:M^{n}arrow \mathbb{R}^{2n-2}$
Thom , .
3. 6 , $\overline{u}_{2}^{1}\vee\overline{w}_{4}=0$
. 8 $1f^{8}$ , $t\overline{L}’\underline{\cdot)}rightarrow\overline{v}_{6}’\neq 0$ .
3. $n–p$ $||$
$M^{n}$ $n$ . , Lie Stiefel
. , $T\lambda’l^{1}\oplus\epsilon^{1}\cong\epsilon^{n+1}$ . ,
Smale-Hirsch , $f$ : $M^{n}arrow \mathbb{R}^{r\downarrow+1}$ .
, .
“ $\pi$ : $\mathbb{R}^{r\iota+1}arrow \mathbb{R}^{n}$ $g=\pi\circ f$ : $\Lambda I^{n}arrow \mathbb{R}^{\iota}$
. .q ‘ ?
$M^{n}$ , $c\infty$ $g:$ $\backslash I’l-\mathbb{R}^{r\prime}$ $g$
. , $g$ , $g(M\}1)$ $M^{n}$




. ( ) .
3) . scc.ondary $oh\backslash lrtl$ lion ,
4 , ’ .
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$\blacksquare$ 31. \Lambda $n$ , $N^{\rho}$ $P$ , $f$ : $M^{\gamma\prime}\cdotarrow N^{p}$
$c\infty$ . , $n\geq P$ . $S(f)=\{x\in\Lambda I^{n}|$ rank $df_{x}<$
$p\}$
$(x_{1}, \ldots,x_{n})rightarrow(x_{1}\ldots.,x_{p-1}.\pm x_{p}^{2}\pm\cdots\pm x_{n}^{2})$
$f$ (fold singularity) . $P\in S(f)$
$f$ (fold maP) .
32. 31 , .
, ,
.
4. $M^{n}$ $n$ . $n\geq p$ , $C^{\infty}$ $f:M^{n}arrow \mathbb{R}^{p}$
$(x_{1}, \ldots , x_{n})\mapsto(x_{1}, \ldots , x_{p-1}.x_{p}^{2}+\cdots+x_{n}^{2})$




‘ $\pi$ : $\mathbb{R}^{n+1}arrow \mathbb{R}^{n}$ . $g=\pi\circ f$ :
$M’arrow \mathbb{R}’’$ ?”
, $f\cdot$ : $M^{n}arrow \mathbb{R}^{\iota}$ , ‘ S( $M^{n}$ 1
. , $f|_{S(f)}$ : $S(f)arrow \mathbb{R}^{n}$ 1
. $\Lambda I^{n}$ ,
$\Lambda\cdot I_{+}=\{x\in M^{n}; |J_{f}(x)|\geq 0\}$ , $M_{-}=\{x\in M^{n}:|J_{J}(x\cdot)|\leq 0\}$
well-defined , $S(f)= \partial\Lambda 1_{+}=\partial M_{-:}M^{n}=lM_{+}\bigcup_{S(f)}M_{-}$ . ,
$\Lambda I^{n}$ .
$\blacksquare$ 3.3. $M^{n}$ $n$ , $f$ : $M^{n}arrow \mathbb{R}^{n}$
, $M^{l}$ .
5. $M^{n}$ $n$ , $g:M^{n}arrow \mathbb{R}^{\mathfrak{n}}$
, $f$ : $M^{n}arrow \mathbb{R}^{n+1}$ 4).
, 33 ? , $\iota M^{n}$
$n$ , $f$ : $M^{l1}arrow \mathbb{R}^{n}$ ¿‘
. 1971
Y. Eliashberg . , :
$\blacksquare$ 3.4 $([1t\mathfrak{l}_{J}^{1},)$ . $tI^{l1}$ $n$ , $f$ : $AI^{n}arrow \mathbb{R}^{n}$
, $\Lambda I^{n}$ .
, : $-1^{-}I’’$
?:: n-2 , Eliashberg
$\blacksquare$ 35 $([1t)|)$ . $||$ $f:M^{2}arrow \mathbb{R}^{2}$ , $w_{2}=tI$
$\chi(\Lambda I^{n})\equiv 0$ (Inod 2) .
4) . $[45, 7]$ .
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, $w_{2}$ ( $(x,$ $y)rightarrow(x,$ $y^{:3}+xy)$ ) Thom
.
$n=3$ , [10]
. , $f$ : $M^{3}arrow \mathbb{R}^{3}$
. $f$ : $\lambda 1^{3}arrow \mathbb{R}^{3}$ :
(i) $(x_{1}, x_{2},x_{3})\mapsto(X’.li, x^{\backslash }2)\S$ ( )
(ii) $(x_{1}, x_{2},x_{3})rightarrow(x_{\rceil}, x_{2}, x_{3}+x_{t}x_{3})$ ( )
$(i\ddot{u})(x_{1},x_{2}, x_{3})\mapsto(x_{1}, x_{2}, x_{3}^{l}+x_{1}x_{3}^{2}+x_{2}x_{3})$ ( )
$A_{1}$ , $A_{2}$ , $A_{3}$ .
$A_{1}(f)_{:}$ $A_{2}(f)$ , A3(
$S(f)=\overline{A_{1}(f)}=A_{1}(f)\cup A_{2}(f)\cup A_{3}(f)$ , $\overline{A_{2}(f)}=A_{2}(f)\cup A_{3}(f)$
, $A_{3}(f)$ ( ) . , Thom
$[S(f)]_{2}^{*}=v_{1,}’$. $[\overline{A_{2}(f)}]_{2}^{*}=v_{2}$ , $[A_{3}\backslash \cdot(f)]_{2}^{*}--0$
([51]). ,
$w_{2}=0$ . ( $M^{3}$
) , $u_{2}’=0$ [46] . , :
$\blacksquare$ 36. $f:M^{3}arrow \mathbb{R}^{3}$ , 1, $2=0$
.
, \S 5 . , $u_{2}’\neq 0$ 3 $S^{1}x(\#^{2k+1}\mathbb{R}P^{2})$
. . . , 9:
$RP^{2}arrow \mathbb{R}^{3}$ Boy ( ) .
$\pi$ : $\mathbb{R}^{3}arrow \mathbb{R}^{2}$ , , 3
$h$ $:=\pi\circ g:\mathbb{R}P^{2}arrow \mathbb{R}^{2}$ . ,
. , $f$ :
$f$ : $\mathbb{R}P^{\underline{7}}x6^{1}arrow \mathbb{R}^{2}\cross S^{1}hxidarrow \mathbb{R}^{3}emb$
, 2 emb . $S(f\cdot)$ 2
$T^{2}$ , 3 , $w_{2}\in$
$H^{2}(\mathbb{R}P^{2}xS^{1} ; \mathbb{Z}_{2})$ . , $f$.
.
$7|,$ $=2_{:}3$ , , $T\}_{10l}n$
.
, $n=2.3$ $n=4$ .
, $n=2.3$ . Thom secondary
$u1)\backslash t_{1}\cdot uct1_{0I1}$ . ;6 . , $n\geq 5$
. ( ,
, $n=5_{\tau}6$ , $n\geq 7$ )
4. $n>P$
, $(n_{!}p)$ . $n>P$ ,
$r|=p$ . , $p=1$ 5).
$\overline{o}I_{p=}1$ , .
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Eliashberg [10] , $n=p$ , 1
$(n.p)$
( $[12]-[14]$ ).
$\blacksquare$ 4.1 (Eliashberg [10. $11_{J^{\overline{-}}}$ ). $n\geq p$ , $M^{n}$ $n$
, $f$ : $M^{n}arrow \mathbb{R}^{p}$ .
, .
6. $f$ : $\mathbb{C}P^{2}\#\overline{\mathbb{C}P^{2}}arrow \mathbb{R}^{3}$ . , $w_{2}(\mathbb{C}P^{2}\#\overline{\mathbb{C}P^{2}})\neq 0$ ,
$\mathbb{C}P^{2}4\overline{\mathbb{C}P^{2}}$ , .
$P$
. , $p=2$ Eliashberg 1971 .
, Thom-Levine,-Eliashberg :
$\blacksquare$ 42 ([51, 25., 10]). $f$ : $M^{n}arrow \mathbb{R}^{2}$ ,
$\lambda(M^{\prime l})\equiv 0(mod 2)$ . , Thom
.
. $p=3$ .




$\blacksquare$ 4.3 (Saeki [40],. Sadykov [35]). $M^{4}$ 4 .
$f$ : $JI^{4}arrow \mathbb{R}^{3}$ , $c\backslash H^{2}(M^{4} ; \mathbb{Z})$
$v\vee v-p_{1}=0\in H^{4}(\Lambda I_{\backslash }^{4}\cdot \mathbb{Z})$ . , $I_{M^{4}}$
$JI^{1}$ , :
$I_{hI^{4}}\not\cong$ (1) $(\begin{array}{ll}1 00 l\end{array})$ .
.
$\blacksquare$ 44. $M^{1}$ 4 , $f$ : $M^{1}\# S^{2}x$
$S^{t}\underline{)}arrow \mathbb{R}^{3}$ .
4.5. (i) 43 , $C^{x}$ $f$ : $\mathbb{C}P^{2}\#\mathbb{C}P^{2}arrow R|$ 3
. ,. 6 $\mathbb{C}P^{2}\#\overline{\mathbb{C}P^{2}}$ $\mathbb{R}^{3}$
. , 4
, .
(ii) $f$ : $M^{4}-\mathbb{R}^{\dot{S}}$ , ,
, Thom $w_{2}.0,\overline{w}_{1}^{4}+\overline{w}\iota\overline{w}_{3}$
. , $M^{4}$ Thotll ,
([2]) . – , 43
(1). $\pm(\begin{array}{ll}l 00 l\end{array})$ 4 ,
. , Thom .
(iii) $M^{4}$ 4 4.:;
. , \S 6 .
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, $n\geq 5,$ $p=3$ . Sadykov , Chess [9] (
, $n-p$ $hIorin$ $A_{4}$
) ([34]) , :
$\blacksquare$ 4.6 (Sadykov [36]) $\cdot$ $M^{2n}$ $2n$ , $n\geq 4$




$\blacksquare$ 47([46]). $M^{6}$ 6 . , $AI^{6}$
, $f$ : $\Lambda f^{6}arrow \mathbb{R}^{3}$ . $M^{6}$ ,
$W_{)}$ $(\Lambda J^{6})=0$ , $f$ : $M^{6}arrow \mathbb{R}^{3}$ .
48. . , $M^{t)}=\mathbb{R}P^{\{;},$ $\mathbb{R}P^{I}x\mathbb{R}P^{2},$ $\mathbb{R}P^{2}x$
$RP^{2}\cross \mathbb{R}P^{2}$ , $f$ : $M^{6}arrow \mathbb{R}^{3}$ .
, $f$ : $M^{6}arrow \mathbb{R}^{3}$ Thom
. , [38] $\mathbb{R}P^{2}$ $\mathbb{R}P^{2}$ $M^{4}$ $\mathbb{R}^{3}$
( 9 ) , $\mathbb{R}P^{4}$ $\mathbb{R}P^{2}$ $M^{()}$ $\mathbb{R}^{3}$
. , $\chi(M^{6})=1$ , ‘ : .
S( , $S($
( ) . , [46] 47
$W_{\overline{Q}}(M^{6})=0$ $w_{4}(M^{6})=0$ (
).
, , $n-p$ ,
. , $n-p$
. , ($n-p$ ), (
) :
$\blacksquare$ 4.9 ([46]). $\Lambda I^{2n+1}$ $2n+1$ , $f\cdot$ ; $M^{2n+1}arrow R^{3}$
, $u_{2_{l}}’,-0$ .
, $n:_{2n}\in H^{2n}(M^{2n+1} ; \mathbb{Z}_{2})$ Thom . , $n=1$
36 . , .
, $n$ , $M^{2n+1}$ $w_{2n}=0$
, . .
$P\geq 4$ , Eliashberg
.
5.
$Smal\sim Hirsch$ , Eliashberg l-jet (
) ( [1], [18], $1\cdot$ )
) . , [4] , 2-jet
, :
$\blacksquare$ 5.1 (Ando [4]). $n\geq p\geq 2$ , fiberwisc cpimorphism TA $f^{n_{(\})_{\overline{C}}}1}$ \rangle $’\vee^{\wedge}\rho$





. $f$ : $M^{n}arrow \mathbb{R}^{p}$ ,
$M^{n}$ $p-1$ , $f|_{S(f)}$ : $S(f)arrow \mathbb{R}^{p}$ 1
. , 2-jet
, fibervvise epimorphism $TM^{n}\oplus\vee r^{1}arrow\vee r^{T^{l}}$ ,
$f|s(f)$ : $S(f)arrow \mathbb{R}^{p}$ }r I
. , $7t-p$





$\blacksquare$ 5.2. $M^{n}$ $n$ .
(i) $M^{\mathfrak{n}}$ $M^{n}$ (span) , span$(M^{n})$
.
$(iI)$ $T\Lambda I^{n}\oplus\epsilon^{1}$ 1 $M^{n}$
(stable span) , $span^{0}(AI^{n})$ .
Poincar6-Hopf ([50, 8 ]) , span$(M)\geq 1$ $\Leftrightarrow\chi(M^{n})=0$ .
, $spaI1^{0}(M^{n})\geq 1\Leftrightarrow\chi(M^{n})\equiv 0$ (Inod 2) . J. F. Adazns
, span $(S^{n})=2^{c}+8d-1$ ( , $r\iota+1=(2a+1)2^{c+4d};c\in\{0_{:}1,2,3\}$) . ,
$span^{}(S^{n})=n$ . , dim $M\geq span^{0}(M)\geq span(M)$ .
42 : $j\cdot$ : $M”arrow \mathbb{R}^{2}$ , $S^{1}$
( ) , $f$ : $\Lambda I^{1}arrow \mathbb{R}^{2}$
, $\backslash ^{\backslash }pan^{Q}(\Lambda I^{n})\geq 1$ . (
$\Lambda I^{n}$ ) $\chi(AI^{n})\in 2\mathbb{Z}$ .
7. (i) $i;p_{\dot{C}}t1\downarrow(\mathbb{R}P^{n})=spat\downarrow(S^{n})$ .
(ii) $span^{0}(\mathbb{R}P^{n})=span(\mathbb{R}P^{n})$ .
(iii) $span^{0}(S^{i}\cross \mathbb{R}P^{2})$ . , 36 .
, fiberwisc $(^{\backslash }.1)I\backslash \simarrow’\vee-p$ , $span^{-}(AI^{n})\geq$
$p-1$ . , 51 ([40] ) :
$\blacksquare$ 5.3. $span^{0}(atI^{n})\geq p-1$ , $f$ : Jl” $arrow \mathbb{R}^{p}$ . , $n-p$
, |[ $f$ ; $M^{n}-arrow \mathbb{R}^{\rho}$ . $sp_{rY1}u^{0}(fl/I^{n})\geq p-1$
.
, $span^{0}(\mathbb{R}P^{2}")$ $=0$ , $f$ : $\mathbb{R}P^{2n}arrow \mathbb{R}^{2p}(n\geq p\geq 1)$
. ,
. , spano $(M^{n})\geq span(M^{n})$
, .
, 47 49 . ( )





$h$ . , $\tau$ $TM^{n}\oplus\epsilon^{1}$





(i) $(x_{1}.x_{2},x_{3},x_{4})rightarrow(x_{1}, x_{2},x_{3},x_{4}^{2})$ ( )
$(iI)(x_{1},x_{2},x_{3},x_{4})rightarrow(x_{1},x_{2}.x_{3},x_{4}^{3}+x_{t}x_{4})$ ( )
(IIi) $(x_{1},x_{2},xs,x_{4})\mapsto(x_{1},x_{2}, x_{\backslash }z, x_{4}^{4}+x_{1}x_{4}^{2}+.x_{2}x_{4})$ ( )
(iv) $(x_{1},x_{2}.x_{3}, x_{4})\mapsto(x_{1},x_{2\prime}.x_{3},x_{4}^{5}+x_{1}x_{4}^{3}\underline{|}x_{2}x_{4}^{2}+x_{3}x_{4})$ ( )
(v) $(x_{1}.x_{2},x_{3},x_{4})rightarrow(x_{1},x_{2_{i}}x_{8}^{2}+x_{1,2}x_{4}, x_{4}^{2}+x_{2}xs)$ ( )
$(x_{1:}x_{2}, x_{3)}x_{4})rightarrow(x_{1},x_{2:}x_{3}-x_{4}+x_{1}x_{3}+x_{2}x_{4}.x_{2}x_{3}+x_{3}x_{4}-x_{1}x_{4})$ ( )
( $A_{4}$ ) ( $D_{4}$ ) , ( $A_{3}$ )
1 , ( $A_{2}$ ) 2 , ( $A_{t}$ ) 3
. , $S^{x}(\Lambda I^{1}.\mathbb{R}^{1})$
([27]).
Thom. Porteons Thom ([51. 32]):
$[S(f)]_{2}^{*}=u_{1},$ $[\overline{A_{\underline{9}}(f)}]_{2}^{*}=w_{2},$ $[\overline{A_{3}(f)}]_{2}^{*}=w_{1}w_{2},$ $[A_{4}(f)]_{-}^{*},=w_{1}u_{3}$ . $[D_{4}(f)]_{2}^{*}=w_{2}^{2}+u_{1}w_{3}$
, $M^{4}$ , $[D_{4}(f)]^{*}=-p_{1}$ .
, 4 , Wu ( $[=30,11$ ])
$w_{4}=u_{1}^{4}+w_{1}^{2}$,
. , $M^{4}$ , $p_{1}=0$
. $p_{1}\equiv w_{4}(mod 2)$ , $p_{1}=0$ 4
, $f$ : $M^{4}arrow R^{4}$ Thom
. , Eliashberg (Mather
0) ) :
$\blacksquare$ 6.1 (Saeki-S [42]). $M^{4}$ 4 .
$\pi^{1}(\wedge 4I^{4})\cong \mathbb{Z}$ $p_{1}(M^{4})=0$ $C^{\infty}$
.
, Thom
. , 4 Thom
. $S_{\dot{c}}\iota c1\backslash \cdot koa$. ,
:
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$\blacksquare$ 6.2 (Sadykov-Saeki-S [37]). $M^{4}$ 4 . $f:M^{4}arrow \mathbb{R}^{4}$
, $w_{2}=0$ $p_{1}+(\beta uf1)^{2}=0$ .
, $\beta$ $0arrow \mathbb{Z}arrow 2\mathbb{Z}arrow \mathbb{Z}_{2}arrow 0$ Bockstein .
, Postnikov tower ,
. , $TM^{4}\oplus\epsilon^{1}$ $\tau$ : $M^{4}arrow BO(5)$ $\dot{\hat{\vee}}\sim$ : $M^{4}arrow BO(1)$
. $\pi$ : $BO(1)arrow BO(5)$
$l_{1}^{\gamma}(\mathbb{R}^{5})$
$w_{2}\in H^{2}(M^{4}: \pi_{l}(V_{1}(\mathbb{R}^{5})))\cong H^{2}(M^{4}: \mathbb{Z}_{2})$
primary obstruction t $\pi_{2}(V_{4}(\mathbb{R}^{5}))=0$ secondary obstruction





$K(\mathbb{Z}_{2},1)arrow$ $E$ $arrow K(\mathbb{Z},4)$
$\downarrow$
$M^{4}$ $\underline{\tau}BO(5)arrow^{w_{2}}K(\mathbb{Z}_{2},2)$
, primary obstruction $w_{2}$ Thom
. , $M$ ,
, secondary obstruction $Stiefe1- Whitttt^{Y},y$ $u_{4}(M)\in$
$H^{4}(\Lambda I^{4} : \mathbb{Z}_{2})$ . , $l\backslash \prime I^{4}$ $H^{4}(1^{J}I^{4} ; \mathbb{Z})\cong \mathbb{Z}_{2}$
.
62 , $spaI1^{0}(M^{4})\geq 3$ + . . $I^{J}1$
:
$\blacksquare$ 63([37]). 4 $\Lambda\cdot I^{4}$ $w_{2}=0$ ($14=0$
, $f$ : $M^{4}arrow \mathbb{R}^{3}$ .
8. 4 $M^{4}$ , $a_{2}|=0$ $w_{4}=0$
.
9. 4 $\mathbb{R}^{3}$
6) (Saeki [38] $RP^{2}$ $\mathbb{R}P^{2}$
).
:
$\blacksquare$ 64([37]). (i) $M^{4n}$ $4n$. . , $n\geq 2$
. , $f\cdot$ : $4fI^{:\{n}arrow \mathbb{R}^{4}$ ,
$u_{1,,- l}=0$ $\sigma(M^{4n})\equiv 0$ (rnod 8) .
(ii) 1 $f^{In+2}$ $(4n+2)$ . , $n\geq 2$ . ,
$\ovalbox{\tt\small REJECT}$
$f\cdot$ : $M^{4n}arrow \mathbb{R}^{4}$ , $w_{4n}=0$
.
6) , 6.3 $w_{4}=0$ .
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64(i) $\sigma(M^{4_{7}\prime})$ 8 Atiyah-Dupont ([6])
([23] ).
7.






Sadykov Chess ([34]) ,
Thom .




. , 4.3 ,
4 $M^{4}$ , $f$ : $M^{4}arrow \mathbb{R}^{3}$ ,
4 . ,
, 4
([20. ae $II$ ]). ,
.
: 4 $\Sigma^{!1}$
$f$ : $\Sigma^{4}arrow \mathbb{R}^{3}$ . , 2 ,
2 ( ). ,
, $\Sigma^{4}$ 4 $S^{4}$
,
7). Tholll ,
. , $C^{\infty}(M^{4}.\mathbb{N}^{3})$ \mbox{\boldmath $\tau$}^‘
.
, Vassiliev ([41])
, Thom stratifiration ,
,
. , $Saeki- Y_{R111}amoto$ 4
([44]) , .
, , A. SzfUcs $SC^{*}C011da\iota\gamma$ obstruction
([49] )
.
( ) . . . $R\iota\iota\backslash \backslash ta\ln$ Sadykov . $\Lambda ndrasSr_{-}\ddot{u}cs$ .
, .
.}-\check . , .
( ) .
7) ‘ [ .....
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